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Abstract 
The Imperialist Competitive Algorithm (ICA) that was recently introduced has shown its good performance in optimization problems. In this 
paper, a novel optimization algorithm based on ICA is used for optimizing the generalized formulation of critical buckling load on plates made of 
Functionally Graded Materials (FGMs) with variation in thickness. The formulation, which is applicable to thin Functionally Graded (FG) plates, 
can also be used to analyze and optimize FGMs in each layer of the plates. At last, the results of ICA are compared with those obtained from 
Genetic Algorithm (GA). The outcome shows the success of ICA in optimizing the buckling load of FG plates. 
 
Keywords: Imperialist competitive algorithm (ICA); Buckling load; FGM plates; Genetic algorithm (GA) 
1. Introduction 
Functionally Graded Materials (FGMs) are developed composite materials in order to resist the ultimate high 
temperature conditions. Buckling of plates is in most cases an undesirable and harmful phenomenon. Therefore, by 
accurate calculations and necessary predictions in design, buckling could be avoided. It is possible through a 
complete understanding of the mechanical behaviour, the boundary conditions, and the type of Functionally Graded 
Materials (FGMs). 
FGM optimization problems have been investigated by using neural network methods to optimize the 
composition of plates and cylinders with graded thickness in [1, 2] and genetic algorithms to optimize multi-layers 
plates in [3].  Li [4] considered the buckling of a simply supported three-layer circular cylindrical shell under axial 
compressive load. Batra and Iaccarino [5] have examined the radial deformation of FGM cylinders that were loaded 
with hydrostatic pressures from the inner and outer surfaces. 
Recent papers by Mozafari et. al. [6], and Mozafari and Ayob [7] have studied the mechanical and thermal 
behaviour of plates under buckling loads where variable thickness was assumed on plates made of FGMs. 
Universal optimization problems exist in all branches of science and engineering. So far, many evolutionary 
algorithms [8, 9] have been proposed for solving global optimization problems. The recently introduced Imperialist 
Competitive Algorithm (ICA) is a universal search strategy that was inspired by the concept of socio-political 
competition among empires [10]. ICA has been applied successfully in different domains such as controllers design 
[11-12], recommender systems, characterization of elasto-plastic properties of materials [13], interphases for heat-
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conducting problems [14], composite materials [15] and many other optimization problems [16-18]. Comparing the 
results, ICA has shown good performance in both convergence rate and better global optimum achievement. 
Therefore, this paper is aimed to optimize the critical buckling load for a plate made of FGMs by using ICA.  
2. Formulation and Buckling Analysis 
Functionally Graded Materials (FGMs) are typically made from a mixture of ceramics and a metal or a 
combination of different metals. The volume fraction of the ceramic cV  is assumed to follow a power law and is 
expressed as: 
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z is the thickness coordinate ( -h/2d  zd h/2 ), h is the thickness of the plate and k is the power law index which 
takes values greater than or equal to zero. The variation of the composition of ceramics and metal is linear for k =1. 
A value of k equal to zero represents a pure ceramic plate. The mechanical and thermal properties of FGMs are 
determined from the volume fraction of the material constituents. We assume that the non-homogenous material 
properties such as the modulus of elasticity E change in the thickness direction z based on the Voigt’s rule over the 
whole range of the volume fraction, while Poisson’s ratio Q  is assumed to be constant as: 
E(z) = E
C
V
C
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D (z) = cD CV + cmD  (1- CV ),                                                                                     (2) 
X (z)= 0X , 
where subscripts m, c refer to the metal and ceramic constituents, respectively. By substituting Eq. (1) into Eq. (2), 
material properties of the FGM plate are determined, which are the same as the equations proposed by Praveen and 
Reddy [19]: 
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2.1 Equilibrium and Stability Equation 
We initially consider a thin flat plate of length a, width b, and thickness h made of FGMs. The plate is subjected 
to the in–plane compressive edge loads xF and yF , uniformly distributed along the edges 0 ≤ x ≤ a and 0 ≤ y ≤ b, 
respectively. Cartesian coordinates (x, y, z) are assumed for derivations. The general strain–displacement relations 
are 
2
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1
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where xH and yH are the normal strains, and xyH , xzH , and yzH  are the shear strains. Here u,X , and Z  denote 
the displacement components in the x , y , and z directions, respectively. Also, (,) indicates the partial derivative. 
The Hooke’s law for a plate is defined as: 
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where E and Q are the elastic modulus and Poisson’s ratio, respectively. The stress resultants ,,,, iiii QPMN  and 
iR  are expressed as: 
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Substituting Eqns. (3), (5) and (6) into Eq. (7), the stress resultants can be calculated which is earned in [6].  
Thus, the stability equations are represented by the Euler equations for the integral in the second variation 
expression.  
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In force resultants (8), the subscript 1 refers to the state of stability and the subscript 0 refers to the state of 
equilibrium conditions. Also, the superscript 1 in the displacement component 10Z  refers to the state of stability. 
2.1. Buckling Analysis 
Consider a plate made of FGMs with simply supported edge conditions and subjected to an in-plane loading in 
two directions, as shown in Fig. 1. To obtain the critical buckling loads, the pre buckling forces, xF and yF should be found. Solving the membrane form of equilibrium equations, results in the following force resultants.  
,
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Figure 1: Plate subjected to in plane loading. 
Equations (9) have two independent load parameters 
b
Fx and
a
Fy . Pre-buckling forces can be expressed by a 
single-parameter simply by letting, 
,
b
FR
a
F xy  
                                                                                                                   
(10) 
where R is a non-dimensional constant. The resulting equation may then be solved for a series of selected values of 
R. The simply supported boundary conditions are defined as, 
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The following approximate solutions are seen to satisfy both the differential equations and the boundary 
conditions   
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where m and n are numbers of half waves in x- and y-directions, respectively, and 
),,,,( 01010 mnmnmnmnmn uu ZXX are constant coefficients. Substituting Eq. (12) into the stability equations (8) and 
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using the kinematic and constitutive relations, yields a system of five homogeneous equations for 
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Substituting pre-buckling forces from Eqns. (9) and (10) into the relation of 33K and setting |Kij| = 0 to obtain the 
nonzero solution, the value of the buckling load is found as: 
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The critical buckling load xcF  is obtained for the values of m and n that make the preceding expression a 
minimum. The plate is subjected to the biaxial compression, when R is selected to be positive. The plate is subjected 
to the uniaxial compression along the x axis, when R is equal to zero. Negative values of R signify tensile loading in 
the y-direction while the plate is under compression along the x-direction. As would be expected on intuitive 
grounds, the addition of a tensile load in the transverse direction is seen to have a stabilizing influence. By setting 
the power law index equal to one (k=1), Eq. (14) is reduced to the critical load for a functionally graded plate with 
linear composition of ceramics and metal. Also, by setting the power law index equal to zero (k = 0), Eq. (14) is 
reduced to the critical load of homogeneous plates. 
3. Imperialist Competitive Algorithm 
Imperialist Competitive Algorithm (ICA) is a new evolutionary optimization method which is inspired by 
imperialistic competition. Like other evolutionary algorithms, it starts with an initial population which is called 
country and is divided into colonies and imperialists who together form empires and imperialistic competition 
among these empires forms the proposed evolutionary algorithm. Imperialistic competition converges to a state in 
which there exists only one empire and the colonies have the same cost function value as the imperialist.  
The total power of an empires depends on both the power of the imperialist and the power of its colonies which is 
shown as 
 
     T.Cn =cost function (imperialist n) + λ mean {cost (colonies of empires n)}                       (16) 
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This competition gradually brings about a decrease in the power of weaker empires and an increase in the power 
of more powerful ones. This is modelled by just picking some of the weakest colonies of the weakest empires and 
making a competition among all empires to possess these colonies. Figure 2 shows a flowchart that explains the 
working principle of ICA. 
 
 
 
Figure 2: Illustration of imperialist of competitive algorithm (ICA) 
4. Optimization Problem using an ICA 
The optimization problem will investigate the minimization of the critical buckling load pcr while maintaining the 
total structural mass constant at a value equals to that of a reference baseline design. Optimization variables include 
Vf, h, Ө, t which are the fiber volume fraction, thickness, and fiber orientation angle of the individual layer, 
respectively. Side constraints are imposed on the design variables for geometrical, manufacturing or logical reasons 
to avoid having unrealistic odd haped optimum designs. 
To obtain the optimal design, the function is defined as follows: 
),,( * ttfcr hVfP T             1,2,3,...,t n                                                                       (17) 
hhh tt /
*                                                                                                                            (18) 
where the dimensionless thickness is defined by Eq. (18). 
Then the buckling optimization problem can be considered as follows: 
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The superscripts +, - denote the upper and lower bounds imposed on the various design variables and the 
dimensionless critical buckling load is as: 
0
/* crcrcr ppp                                                                                                          (20) 
In the above problem, there are N optimization parameters. It should be noted that if it is desired to minimize one 
or more objective functions, the duality principle states that a minimization problem. Therefore, the buckling 
optimization problem above is transformed into a maximization model. 
5. Results and Discussion  
To illustrate the proposed approach, a ceramic-metal Functionally Graded (FG) plate is considered. The 
combination of materials consists of aluminium and alumina. The Young’s modulus for aluminium is mE = 70GPa 
and for alumina is cE = 380 GPa, respectively. The Poisson’s ratio is chosen to be 0.3 for both. The plate is 
assumed to be simply supported on all four edges. 
In Table 1 shows the optimum critical buckling loads with the allowed angle values of layers (i.e. [90°, ±45°, 
90°]) under in-plane loading versus side to thickness ratio. As numerical examples, we consider the optimization of 
FG plates by using ICA and compare it with another optimal method based on Genetic Algorithm (GA). Table 2 
illustrates the results for different layer angle values (i.e [60°, ±25°, 60°]). The attained Optimum solutions by ICA 
in both cases indicate substantial improvement in the critical buckling load as compared with the GA solutions. 
Table 1: Critical buckling optimization [KN] of [90°, ±45°, 90°] under in-plane loading versus side to thickness ratio 
 
 
 
 
 
 
 
 
Table 2: Critical buckling optimization [KN] of [60°, ±25°, 60°] under in-plane loading versus side to thickness ratio 
 
 
 
 
 
 
 
 
Critical buckling loads are optimized under three cases, namely, the biaxial compression, uniaxial compression 
and combined compression with respect to k and b / a = 1. The results are shown in Tables 3, 4 and 5. The ICA 
results are compared with the results obtained from GA and third order shear deformation theory [6]. As can be seen 
the ICA proposed technique provides better results than other techniques. 
Table 3: Critical buckling optimization loads [kN] of the FG plate under biaxial compression with respect to k and b/a = 1 
k Ref [6] Opt. GA Opt. ICA %DGR %DIG 
k = 0 169.822 211.563 223.451 19.73% 5.32% 
k = 1 84.487 104.576 110.452 19.21% 5.32% 
k = 5 55.692 68.679 72.5 18.91% 5.27% 
k = 10 50.528 61.967 65.366 18.46% 5.20% 
b/h Opt. GA Opt. ICA %DIG 
10 336.412 359.069 6.31% 
20 48.251 51.561 6.42% 
30 20.085 21.47 6.45% 
40 8.235 8.808 6.51% 
50 3.488 3.738 6.69% 
b/h Opt. GA Opt. ICA %DIG 
10 273.118 289.228 5.57% 
20 38.547 40.838 5.61% 
30 18.624 19.76 5.75% 
40 6.815 7.231 5.75% 
50 2.301 2.448 6.01% 
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Table 4: Critical buckling optimization loads [kN] of the FG plate under uniaxial compression with respect to k and b/a = 1 
k Ref [6] Opt. GA Opt. ICA %DGR %DIG 
k = 0 340.351 411.3 439.048 17.25% 6.32% 
k = 1 169.275 202.555 215.667 16.43% 6.08% 
k = 5 111.439 133.332 141.858 16.42% 6.01% 
k = 10 101.236 120.992 128.531 16.28% 5.92% 
Table 5: Critical buckling optimization loads [kN] of the FG plate under combined compression with respect to k and b/a = 1 
k Ref [6] Opt. GA Opt. ICA %DGR %DIG 
k = 0 706.822 825.63 861.916 14.39% 4.21% 
k = 1 352.030 410.196 427.644 14.18% 4.08% 
k = 5 231.822 268.064 278.885 13.52% 3.88% 
k = 10 210.286 242.153 251.902 13.16% 3.87% 
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Figure 3: ICA results of the FG plate under biaxial compression versus b/a 
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Figure 4: ICA results of the FG plate under uniaxial compression versus b/a 
 
Figures 2, 3 and 4 show the ICA results of a FG plate under three different loading conditions which are biaxial, 
uniaxial and combined compression by the increase of the aspect ratio b/a.  
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Figure 5: ICA results of the FG plate under combined compression versus b/a 
6. Conclusion  
In this study, a Functionally Graded (FG) plate made of metal and ceramic is optimized based on a new 
optimization theory algorithm called the Imperialist Competitive Algorithm (ICA).  The aim of this presented paper 
is to optimize the critical buckling load of FG plates. 
Critical buckling loads were analysed by using two methods, ICA and GA which were then compared with the 
third order shear deformation theory. High improvement could be achieved over the whole range of the FG plate for 
a problem with several loading cases. The study shows that ICA has the best capability to extend its application on 
FG plates. 
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